The long-range dispersion coefficients for the ground and excited states of Li, Li + , and Be + interacting with the He, Ne, Ar, Kr, and Xe atoms in their ground states are determined. The variational Hylleraas method is used to determine the necessary lists of multipole matrix elements for He, Li, Li + and Be + , while pseudooscillator strengths distributions are used for the heavier rare gases. Some single electron calculations using a semi-empirical Hamiltonian are also performed for Li and Be + and found to give dispersion coefficients in good agreement with the Hylleraas calculations. Polarizabilities are given for some of the Li and Li + states and the 2 recommended 7 Li + polarizability including both finite mass and relativistic effects was 0.192486 a.u.. The impact of finite mass effects upon the dispersion coefficients has been given for some selected inter-atomic interactions.
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I. INTRODUCTION
Developments in the trapping and cooling of ions and atoms have resulted in an appreciation of the importance of precise descriptions of atom-atom and ion-atom interactions [1] [2] [3] [4] [5] [6] [7] [8] [9] . The present work reports the long-range interactions of three light atoms and ions, namely Li, Li + , and Be + with the rare gas atoms. These systems, Li, Li + , and Be + , have the virtue that close to exact values of many expectation values and matrix elements can be obtained with Hylleraas type wave functions.
The dispersion coefficients of the low-lying states of Li are also important for the interpretation of pressure broadening experiments [10] [11] [12] [13] . There have been some previous theoretical investigations of the Li-rare gas dispersion interactions [14, 15] , with the most comprehensive work being the recent compilations by Zhang et al [16, 17] .
Collisions between the alkaline-earth ions and the rare gases (RG) occur in a number of different contexts. One application is in the pressure broadening of the transitions of single charged alkaline-earth ions in the presence of the rare gases [18] [19] [20] . The dispersion interaction can also play an important part of binding between metal ions and the rare gases [21] . Another application concerns the transport of alkaline-earth cations through rare gases [22] [23] [24] .
Experimental investigations of the transport of the Li + ion in the rare gases have prompted investigations of the interaction potentials between Li + and the rare gases [25] [26] [27] [28] [29] [30] [31] [32] [33] . The data for most transport experiments are obtained at room temperatures where the small size of Li + -RG dispersion interaction will not have much influence. However, interest in ion-atom interactions at ultra-cold temperatures is increasing [4, 34, 35] and here the precise values of the dispersion coefficients are more important. The Li + -He system is a four-electron system and thus very high precision calculations of the interaction potential are possible [36, 37] . Indeed, there have been numerous investigations of the dispersion interaction for the Li + -He dimer [38] [39] [40] [41] . Existing dispersion coefficients between Li + and the heavier rare gases have previously been generated using a density functional approach [42] and combination rules [27] .
For lithium, dispersion coefficients with the rare gases are presented for the lowest five states, the 2 as an extension of previous work [43] [44] [45] . For the Li + ion, polarizabilities and dispersion coefficients are confined to the Li + ground state. A simple semi-empirical one electron model has also been applied to the determination of the Li and Be + dispersion coefficients in those cases where Hylleraas calculations would have been tedious to perform. One unusual aspect is the diversity of different approaches used to generate the raw data for the dispersion calculations. Lists of matrix elements from Hylleraas calculations, and one electron effective potential calculations, as well as empirically generated pseudo-oscillator strengths have been combined and utilized. All quantities are given in atomic units (a.u.).
II. LONG-RANGE POLARIZATION AND DISPERSION INTERACTIONS
The long-range interaction between an electrically charged atom and an electrically neutral atom has two components [1, 27, 46, 47] . First of all there is the adiabatic polarization interaction, which can be written
where Q is the total charge of the ion, α 1 , α 2 , and α 3 are the dipole, quadrupole and octupole polarizabilities of the neutral atom, and R is the distance between two nuclei. This part of the long-range interactions does not lead to a frequency shift between different states of the ion. The leading correction to the adiabatic polarization interaction of a charged particle in the presence of a neutral atom can be written [48, 49] .
where β 1 is related to the dipole polarizability [48] of the neutral atom and M =
where M A and M B are the nuclear masses of the charged particle and neutral atom [48] . (This term has been called the adiabatic correction in Ref. [48] and in other works called the non-adiabatic correction!). The term β 1 is defined
where f 0n is the absorption oscillator strength between the ground state and state n, and ∆E 0n is the excitation energy. The dynamic polarization potential, Eq. (2), makes a correction that takes the motion of the charged particle into consideration. This term is finite even if the neutral particle has infinite mass. There are additional dynamic terms of order [50, 51] which are not given here.
In addition to this, there is a dispersion interaction. For two spherically symmetric atoms, this interaction can be written [52, 53] ,
where C n are the dispersion coefficients. The dispersion interaction does lead to a frequency shift between two ion states when the ion is immersed in a buffer gas. The leading correction to the adiabatic dispersion coefficient is a term of order O(R −8 ) [48, 54] . This is termed the non-adiabatic correction in the present paper despite being called the adiabatic correction in Ref [48] . For two atoms, A and B, it can be written
In this expression, the A and B superscripts are used to identify the two atoms. The nonadiabatic correction terms are not framed in the Born-Oppenheimer approximation. Rather, the two interacting atoms(ions) are treated as two separate objects with non-overlapping charge distributions. The internal properties of each entity, such as the polarizability, depend weakly on the total nuclear mass of each entity. However, the non-adiabatic motion of the two entities relative to each other depends on the value of M. When the term "finite-mass" is used in this paper, it is used to refer to polarization and dispersion coefficients that came from a finite-mass calculation of atomic structure. The term non-adiabatic is used to refer to terms in the interaction that arise from Eq. (5).
The approach used to generate the dispersion coefficients [55] is based on the work of Dalgarno who did many of the early calculations utilizing oscillator strength sum rules [52, 53] . This reduces the calculation of the C n parameters for two spherically symmetric atoms to summations over the products of the absorption oscillator strengths divided by an energy denominator. The sums should include contributions from all discrete and con-tinuum excitations. In practice a pseudo-state representation is used which gives a discrete representation of the continuum [55] [56] [57] . Finite dimension sums over a pseudo-state basis provide a rapidly convergent expansion over the continuum of intermediate states provided all the pseudo-states are retained [50, 51, 58] . The sum over oscillator strengths needs to be rewritten in terms of a sum over the reduced matrix elements of the electric multipole operator in cases where one (or both) of the atoms is in a state with L > 0 [55] .
The major part of any calculation involves the generation of the lists of reduced multipole matrix elements between atomic states appearing in the expressions for the dispersion coefficients. In the present approach this is done by diagonalizing a Hamiltonian in a large Hylleraas basis. This gives the spectrum of the low lying physical states as well as a discretization of the positive energy continuum. It is then a relatively straightforward calculation to use the procedures outlined previously [55] or alternate approaches [43, 44] to process the lists of matrix elements and generate the dispersion coefficients.
III. ATOMIC STRUCTURE DESCRIPTIONS
The detailed description of the procedures used to compute the atomic matrix elements and tables of transition matrices have been described in many works [17, 43, 44, 57] . Accordingly, the descriptions presented are relatively brief. The nuclear masses adopted in this work for 7 
where the index t labels different sets of nonlinear parameters α t , β t and γ t . Except for some truncations to avoid linear dependence, all terms are included such that
The wave function for a two-electron system is expanded in terms of the explicitly correlated basis set in Hylleraas coordinates,
B. The semi-empirical approach
The effective Hamiltonian for an active electron is written
where the direct V dir and the exchange V exc interactions of the valence electron with the Hartree-Fock (HF) core are calculated exactly and the ℓ-dependent polarization potential V p1 is semi-empirical in nature with the functional form
In the above, the coefficient α core is the static dipole polarizability of the core and g
is a cutoff function designed to make the polarization potential finite at the origin. In our calculations, the cutoff parameters ρ ℓ were tuned to reproduce the binding energies of the low-lying states of Li and Be + . The core polarizabilities were set to be 0.1925 a.u. [57] for Li + and 0.0523 a.u. [57] for Be 2+ . The effective Hamiltonian is diagonalized in a large basis mostly consisting of Laguerre type orbitals leading to a close to exact numerical solutions for the wave functions of the low-lying states and their associated pseudo-excitation spectra. This approach to the determination of atomic structure is referred to as the configuration interaction plus core polarization (CICP) method in the remainder of this article.
It should be noted that excitations from the core are included in calculations of the dispersion coefficients. Pseudo-oscillator strength distributions for the core are constructed using the core polarizabilities and included in the evaluation of the dispersion coefficients [16, 55] .
C. Li Structure
The determination of the dispersion coefficients entails relatively few new calculations.
Hylleraas calculations for the Li(2 Table I .
The specific details of the effective Hamiltonian of the semi-empirical calculations can be found in [17, 57] . Polarizabilities for the Li(3 2 S) and Li(3 2 P ) states are listed in Table II .
The CICP calculations agree with the Hylleraas calculations at the 1% level.
The determination of the dispersion coefficients entailed no new calculations. The Hylleraas and CICP calculations for the Be + states used in the present work have been previously described in Ref. [44] . Zhu et al [41] . There are some small differences with the results of Bhatia and Drachman for the ∞ Li + polarizabilities [61] . The level of agreement for α 2 and α 3 is up to the sixth digit.
However there are discrepancies with the finite mass values of Bhatia and Drachman [61] for α 2 and α 3 .
Two internal consistency checks have been performed to ensure the reliability of our results. First, the polarizabilities for infinite and finite masses can be expanded as
where M is the nuclear mass. Substituting our calculated quadrupole polarizabilities for ∞ Li + and 7 Li + gives rise to A = 0.1762937812259. The above equation (11) then predicts a value for the 6 Li + quadrupole polarizability, which is α 2 = 0.11390342456 a.u., in comparison with 0.11390342432 a.u., calculated directly using variational Hylleraas basis sets.
Another check is to verify the generalized Thomas-Reiche-Kuhn sum rule [62] . The transition arrays for the rare gases are almost exactly the same as those in previous investigations of the dispersion interactions involving the low lying states of the alkali atoms and magnesium with these atoms [17, 64] . The arrays for helium come from Hylleraas calculations and should be regarded as producing essentially exact polarizabilities and dispersion coefficients.
The dipole oscillator strength distributions for the rare gases were taken from the pseudooscillator strength distributions of Kumar and Meath [65, 66] . The quadrupole and octupole pseudo-oscillator strengths were taken from Ref. [17] . In this work, HF single particle energies and radial matrix elements were tuned to high precision calculations of the rare gas polarizabilities and the C 8 and C 10 dispersion parameters. The uncertainties in C 6 associated with the pseudo-oscillator strength distribution should be 1%. The uncertainties in the C 8 and C 10 coefficients can be expected to be larger [17] . Table IV summarizes the polarizabilities that are obtained from the rare gas transition matrix elements and pseudo-oscillator strength distributions. The present Hylleraas polar-izabilities for helium agree with previous calculations using the Hylleraas method [15, 67] .
IV. RESULTS AND DISCUSSION
The dispersion coefficients between the rare gases and the low lying states of Li and Be + are given in Tables V -XI, X and XI. Most of the Hylleraas dispersion coefficients in Tables V -XI were computed with two independent numerical procedures. First of all, the formula described in [43] were initially used to compute the dispersion coefficients. Second, the Hylleraas calculations were used to generate lists of reduced matrix elements that could subsequently be input into the calculational machinery outlined in Refs. [16, 17] . Tables V -IX 5). Finally, the results from a previous CICP calculation [17] have been included for comparison purposes.
The impact of using the finite nuclear mass is to marginally increase the size of the dispersion coefficients. For example, C 6 for the Li(2 correction is about 25% of the size of the correction to C 8 of 0.111 a.u. arising from the use of the finite mass 7 Li list of matrix elements. The non-adiabatic correction to C 8 is repulsive, so tends to cancel the increase in C 8 due to the finite mass structure model.
Relativistic effects are not included in the Hylleraas calculations. Relativistic effects tend to make polarizabilities smaller, and thus one can reasonably infer that any dispersion coefficients will also decrease. Since relativistic and finite-mass effects roughly cancel [45] , the infinite-mass dispersion coefficients are probably closer to the actual dispersion coefficients than the finite-mass dispersion coefficients. In subsequent tables, we only present dispersion coefficients for infinite mass structure models. We also do not provide tabulations of C non−ad 8 since these would change C 8 by an amount that is smaller than the finite mass corrections.
One of the most notable aspects of Table V is Tables in all cases for completeness purposes even in cases where they have been published previously [68] . The very good agreement of C n between the Hylleraas and CICP suggests that using CICP values for C 10 will not lead to any significant error in the overall dispersion interaction.
C. Be + -Rare Gas dispersion coefficients 
D. Li + -Rare Gas dispersion coefficients
The dispersion coefficients for the Li + -RG interactions are listed in Table XII . Some earlier calculations of the ∞ Li + -He dispersion coefficients using the Hylleraas method [41] are given. Dispersion coefficients computed using Kohn-Sham density functional theory (DFT) are taken from Ref. [42] . Also listed are dispersion coefficients computed using combination rules (CR) [27] . These older calculations give dispersion coefficients within 5% of the present values for C 6 .
However, this level of agreement is not maintained for the neon and argon C 8 and C 10 .
The CR C 8 values are much too small, in the case of neon by about 30%. The DFT C 8 and C 10 dispersion coefficients tend to be about 5-15% larger than the present values. The source of the differences is most likely the differences in the pseudo-oscillator strength distributions for the rare gas quadrupole and octupole transitions. The present dispersion coefficients are to be preferred since the rare gas quadrupole and octupole pseudo-oscillator strength distributions reproduce the best ab-initio calculations of dispersion coefficients of the rare gas dimers [17] .
The Li + -He, Li-He and Be + -He dimers are all small systems with no more than five electrons. These dimers represent some of few systems for which close to exact potential curves could in principle be obtained from ab initio calculation. Accurate dispersion coefficients could therefore assist in the extending the potential curves into the asymptotic region.
The relative importance of the C 6 /R 6 and the α 2 /(2R 6 ) interactions for the Li
He interaction can be estimated by using data from Tables IV and XII. The value of C 6 = 0.303 a.u. is about 25% of the size of α 2 /2 = 1.223 a.u. The importance of the C 6 dispersion interaction when compared with quadrupole polarization interaction decreases for the heavier more polarizable rare gases. For Xe, the C 6 = 3.64 a.u. interaction is only about 3% of the size of the Xe quadrupole interaction.
V. CONCLUSION
The dispersion coefficients for the low lying states of the Li, Li + , and Be + ions interacting with rare gases have been computed with Hylleraas wave functions and pseudo-oscillator strength distributions for the heavier rare gases. Comparisons with calculations using an effective one-electron model to describe Li and Be + resulted in agreement that was generally at the level of 0.1%. The C 6 dispersion coefficients make the dominant contribution to the Be + -RG long range interaction at the O(R −6 ) level.
The Hylleraas method was also used to construct the ground state of Li + and its pseudoexcitation spectrum. There are some discrepancies with the polarizabilities from an earlier Hylleraas calculation [61] . The Li + -RG dispersion interaction makes a smaller contribution to the long-range interaction. In this case, the C 6 /R 6 interaction is substantially smaller than the α 2 /(2R 6 ) interaction.
Estimates of finite mass corrections to the dispersion coefficients have been given for some selected inter-atomic interactions. These are very small and have been omitted from most of the data tables. Non-adiabatic effects due to nuclear motion affecting the dispersion coefficients have also been estimated for a few inter-atomic interactions. The inverse mass scaling leads to very small corrections that can be ignored at the current level of accuracy.
The dispersion coefficients calculated with the Hylleraas transition matrix element array should be regarded as giving the current benchmark values. Discounting the uncertainties associated with the rare pseudo-oscillator strengths, the major source of error is the omission of relativistic effects in the structure models for Li, Li + and Be + . 
